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On the symmetry group of the n-dimensional
Berwald-Moo´r metric
Hengameh Raeisi-Dehkordi∗ and Mircea Neagu†
Abstract
In this paper we parametrize the symmetry group of the n-dimensional
Berwald-Moo´r metric. Some properties of this Lie group are studied, and
its corresponding Lie algebra is computed.
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1 Introduction
The geometrical Berwald-Moo´r structure ([3], [9]) was intensively investigated
by P.K. Rashevski ([13]) and further physically fundamented and developed by
G.S. Asanov ([1]), D.G. Pavlov and G.I. Garas’ko ([12], [5]). These physical
studies emphasize the importance of the Finsler geometry characterized by the
total equality in rights of all non-isotropic directions in the theory of space-time
structure, gravitation and electromagnetism. In such a context, one underlines
the important role played by the Berwald-Moo´r metric
Fn : TM
n → R, Fn(y) =
n
√
y1y2...yn, n ≥ 2,
whose Finslerian geometry is studied on tangent bundles by M. Matsumoto and
H. Shimada ([7]), and, in a jet geometrical approach, by V. Balan and M. Neagu
([2]). It is a well-known fact that, from a physical point of view, an Einstein
relativistic law says that the form of all physical laws must be the same in
any inertial reference frame (local chart of coordinates). For such a reason,
we study in this paper the geometrical coordinate transformations which keep
unchanged the Berwald-Moo´r metric of order n ≥ 3. The particular two and
three dimensional cases are deeply studied in [11]. Notice that the geometrical
translation of the previous Einstein’s physical law is that any geometrical object
used in that physical theory must have the same local form in any local chart
of coordinates.
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2 The symmetry group of the Berwald-Moo´r
metric of order n
We remind that (x, y) = (xi, yi) are the coordinates of the tangent bundle TMn
(associated to an n-dimensional real manifold Mn), which transform by the
rules (the Einstein convention of summation is assumed everywhere):
x˜i = x˜i(xj), y˜i =
∂x˜i
∂xj
yj , (1)
where i, j = 1, n and rank (∂x˜i/∂xj) = n. The transformation rules (1) rewrite
explicitly as
x˜1 = x˜1(x1, ..., xn), x˜2 = x˜2(x1, ..., xn), ..., x˜n = x˜n(x1, ..., xn),
y˜1 = ∂11y
1 + ∂12y
2 + ∂13y
3 + ....+ ∂1ny
n
y˜2 = ∂21y
1 + ∂22y
2 + ∂23y
3 + ....+ ∂2ny
n
...
y˜n = ∂n1 y
1 + ∂n2 y
2 + ∂n3 y
3 + ....+ ∂nny
n,
(2)
where we used the notations ∂ij := ∂x˜
i/∂xj , and we have det
(
∂ij
)
6= 0.
Let us consider now the Berwald-Moo´r metric of order n on the tangent
bundle TMn, which is expressed by
Fn(y) =
n
√
y1y2y3...yn. (3)
To have a global geometrical character of the Berwald-Moo´r metric (3), we
must have Fn(y˜) = Fn(y). It means that y˜
1y˜2...y˜n = y1y2...yn.
Theorem 1 For n ≥ 3, a transformation of coordinates (2) invariates the
Berwald-Moo´r metric (3) if and only if there exist some arbitrary real num-
bers a1, a2, ..., an verifying the equality Π
n
i=1ai = 1, together with a permutation
σ ∈ Sn of the set {1, 2, ..., n}, such that
X˜ = Pσ (a1, a2, ..., an) · X + X0, (4)
where
X0 =

x10
x20
...
xn0
 ∈Mn,1(R), X =

x1
x2
...
xn
 , X˜ =

x˜1
x˜2
...
x˜n
 ,
and the matrix Pσ (a1, a2, ..., an) has all entries equal to zero except the entries
p1σ(1) = a1, p2σ(2) = a2, ... , pnσ(n) = an.
Proof. The transformation of coordinates (2) invariates the Berwald-Moo´r
metric (3) if and only if{ ∑
τ∈Sn
∂1τ(1)∂
2
τ(2)...∂
n
τ(n) = 1
∂1k1∂
2
k2
...∂nkn = 0,
(5)
2
for any k1, k2, ..., kn ∈ {1, 2, ..., n} such that {k1, k2, ..., kn} 6= {1, 2, ..., n} (this
means that at least two indices kr and ks are equal). Then, there exists a
permutation σ of the set {1, 2, ..., n} such that
∂iσ(i) 6= 0, ∀ i = 1, n.
This is because if we suppose that there exists an index i0 ∈ {1, 2, ..., n} such
that ∂i0σ(i0) = 0 for any permutation σ ∈ Sn, then (using the first equation of
the system (5)) we deduce that we have 0 = 1. Contradiction!
Let us prove now that for any i ∈ {1, 2, ..., n} we have
∂ik = 0, ∀ k ∈ {1, 2, ..., n}\{σ(i)}.
On the contrary, suppose there exist i, k ∈ {1, 2, ..., n}, with k 6= σ(i), such that
∂ik 6= 0. Because we obviously have k = σ(j), where j 6= i, it follows that there
exist two different indices i, j ∈ {1, 2, ..., n} such that ∂iσ(j) 6= 0. Because we
have the inequality n ≥ 3, it follows that there exists an arbitrary third index
q ∈ {1, 2, ..., n} which is different by i and j. Consequently, applying the second
equation from the system (5) for an arbitrary index kq ∈ {1, 2, ..., n} and for
ki = kj = σ(j), kp = σ(p), ∀ p ∈ {1, 2, ..., n}\{i, j, q},
we find
∂1σ(1)...∂
i−1
σ(i−1)∂
i
σ(j)∂
i+1
σ(i+1)...∂
j−1
σ(j−1)∂
j
σ(j)∂
j+1
σ(j+1)...∂
q−1
σ(q−1)︸ ︷︷ ︸
∦
0
∂qkq∂
q+1
σ(q+1)...∂
n
σ(n)︸ ︷︷ ︸
∦
0
= 0.
It follows that we have
∂qkq = 0, ∀ kq = 1, n.
This implies that det
(
∂ij
)
= 0. Contradiction!
In conclusion, we deduce that a transformation of coordinates (2) invariates
the Berwald-Moo´r metric (3) if and only if it satisfies the following conditions:
∂1σ(1)∂
2
σ(2)...∂
n
σ(n) = 1, (6)
∂i1 = ∂
i
2 = ... = ∂
i
σ(i)−1 = ∂
i
σ(i)+1 = ... = ∂
i
n−1 = ∂
i
n = 0, ∀ i = 1, n. (7)
The equations (6) and (7) imply that x˜i = x˜i(xσ(i)) and
∂iσ(i) = piσ(i) := ai ∈ R\{0}.
In other words, we get the affine transformations (no sum by i):
x˜i = piσ(i)x
σ(i) + xi0, ∀ i = 1, n,
where xi0 ∈ R, ∀ i = 1, n.
Corollary 2 The set of the local transformations of coordinates that invariates
the Berwald-Moo´r metric (3) has an algebraic structure of a non-abelian group
with respect to the operation of composition of functions.
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Proof. Firstly, it is important to notice that the following matrix properties
are true:
Pσ (a1, a2, ..., an) =
(
aiδjσ(i)
)
i,j=1,n
,
Pσ (a1, a2, ..., an) = Pτ (b1, b2, ..., bn)⇔ σ = τ and ai = bi ∀ i = 1, n,
Pσ (a1, a2, ..., an) · Pτ (b1, b2, ..., bn) = Pτ◦σ
(
a1bσ(1), a2bσ(2), ..., anbσ(n)
)
,
Pe (1, 1, ..., 1) = In, det [Pσ (a1, a2, ..., an)] = ε(σ),
[Pσ (a1, a2, ..., an)]
−1 = Pσ−1
(
a−1σ−1(1), a
−1
σ−1(2), ..., a
−1
σ−1(n)
)
,
where e is the identity permutation, In is the identity matrix, and ε(σ) is the
signature of the permutation σ.
Let T be the set of the local transformations of coordinates that invariates
the Berwald-Moo´r metric (3). Let also S and T be two arbitrary transformations
from T. Then we have
S : X˜ = Pσ (a1, a2, ..., an) · X + X0,
T : X = Pτ (b1, b2, ..., bn) · X + X 0
and
S ◦ T : X˜ = Pσ (a1, a2, ..., an) ·
[
Pτ (b1, b2, ..., bn) · X + X 0
]
+ X0 =
= [Pσ (a1, a2, ..., an) · Pτ (b1, b2, ..., bn)] · X + X 1 =
= Pτ◦σ
(
a1bσ(1), a2bσ(2), ..., anbσ(n)
)
· X + X 1,
where
X 1 = Pσ (a1, a2, ..., an) · X 0 + X0.
Moreover, the neutral transformation element is
E : X˜ = Pe (1, 1, ..., 1) · X ,
and we have
S−1 : X = [Pσ (a1, a2, ..., an)]
−1 ·
[
X˜ − X0
]
=
= Pσ−1
(
a−1σ−1(1), a
−1
σ−1(2), ..., a
−1
σ−1(n)
)
· X˜ + X˜1,
where
X˜1 = −Pσ−1
(
a−1σ−1(1), a
−1
σ−1(2), ..., a
−1
σ−1(n)
)
· X0.
In conclusion, the set T is a group with respect to the operation of compo-
sition of functions.
Let σ and τ be two permutations such that τ ◦ σ 6= σ ◦ τ . If we take, for
instance, S0 and T0 two transformations from T having the homogenous form
S0(X ) = Pσ (a1, a2, ..., an) · X , T0(X ) = Pτ (b1, b2, ..., bn) · X ,
then we get
(S0 ◦ T0) (X ) = Pσ (a1, a2, ..., an) · [Pτ (b1, b2, ..., bn) · X ] =
4
= [Pσ (a1, a2, ..., an) · Pτ (b1, b2, ..., bn)] · X =
= Pτ◦σ
(
a1bσ(1), a2bσ(2), ..., anbσ(n)
)
· X 6=
6= Pσ◦τ
(
b1aτ(1), b2aτ(2), ..., bnaτ(n)
)
· X =
= [Pτ (b1, b2, ..., bn) · Pσ (a1, a2, ..., an)] · X =(T0 ◦ S0) (X ).
Therefore, the group (T, ◦) is non-abelian.
For any permutation σ ∈ Sn, let us denote by Wσ the set of all matrices
of type Pσ (a1, a2, ..., an). We recall that such a matrix has all entries equal to
zero except the entries a1σ(1) = a1, a2σ(2) = a2, ..., anσ(n) = an, verifying the
equality Πni=1ai = 1. Let us consider the matrix
Eσ := Pσ (1, 1, ..., 1) ∈ Wσ.
In such a context, we can prove the following important algebraic result of
characterization:
Proposition 3 Let σ ∈ Sn be an arbitrary permutation of the set {1, 2, ..., n}.
Then, an arbitrary matrix X ∈Mn(R) belongs to the set Wσ−1 if and only if the
following statements are true:
(1) det (X·Eσ) = 1;
(2) The vectors
e1 = (1, 0, 0, ..., 0), e2 = (0, 1, 0, ..., 0), ..., en = (0, 0, 0, ..., 1)
are eigenvectors of the matrix (X·Eσ).
Proof. An arbitrary matrix A ∈Mn(R) is a diagonal matrix of the form
A =

λ1 0 0 · · · 0
0 λ2 0 · · · 0
0 0
. . . · · · 0
...
...
...
. . .
...
0 0 0 · · · λn
 ,
with λ1λ2...λn = 1, if and only if detA = 1 and it has the vectors e1, e2, ..., en
as eigenvectors. Using now the properties (1) and (2), we deduce that
X·Eσ = A⇔ X·Pσ (1, 1, ..., 1) = Pe(λ1, ..., λn)⇔
⇔ X = Pe(λ1, ..., λn) · [Pσ (1, 1, ..., 1)]
−1
=
= Pe(λ1, ..., λn) · Pσ−1 (1, 1, ..., 1) = Pσ−1 (λ1, ..., λn) ∈ Wσ−1 .
In what follows we prove that the set of matrices D1n(R) : =We, where e
is the identity permutation, is a Lie group of dimension (n− 1) with respect to
the multiplication of matrices.
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Proposition 4 The set of matrices D1n(R) has a structure of commutative Lie
group with respect to the multiplication of matrices. The dimension as manifold
of the Lie group D1n(R) is (n− 1) , and the corresponding Lie algebra is
L(D1n(R)) = {A = diag(a1, ..., an) | Trace(A) = 0} := d
1
n(R). (8)
Proof. It is obvious that
D1n(R) =We = {Pe (a1, a2, ..., an) | ai ∈ R} =
= {A = diag(a1, ..., an) | detA = a1 · ... · an = 1}
is a commutative subgroup of the special linear group SLn(R). It is also easy
to see that we have
D1n(R) =
{
A = diag
(
a1, ..., an−1,
1
a1 · ... · an−1
) ∣∣∣∣ a1, ..., an−1 ∈ R\{0}} .
Let φU : D
1
n(R) → U ⊂ M := R
n−1\ {(a1, ..., an−1) | a1 · ... · an−1 = 0} be
the bijection defined by φU (A) = (a1, ..., an−1), where U is an arbitrary local
chart onM . It folows that we can endowD1n(R) with a differentiable structure of
dimension (n− 1) such that all maps φU to become diffeomorfisms. Therefore,
the mapping µ : D1n(R)×D
1
n(R)→ D
1
n(R), defined by
µ(A,B) = A−1 · B,
can be locally rewritten as
µ˜ : R2n−2\ {(a1, ..., an−1, b1, ..., bn−1) | a1 · ... · an−1 · b1 · ... · bn−1 = 0} → R
n−1,
where
µ˜ (a1, ..., an−1, b1, ..., bn−1) =
(
b1
a1
,
b2
a2
, ...,
bn−1
an−1
)
.
It is obvious that µ˜ is a smooth map on the open domain
D = R2n−2\ {(a1, ..., an−1, b1, ..., bn−1) | a1 · ... · an−1 · b1 · ... · bn−1 = 0} .
In conclusion, D1n(R) is a commutative Lie group of dimension (n− 1).
In order to compute the Lie algebra L(D1n(R)) = d
1
n(R), let us consider an
arbitrary curve
α : (−ǫ, ǫ)→ D1n(R), α(t) = A(t) = diag(a1(t), ..., an(t)) ∈ D
1
n(R),
where α(0) = A(0) = In. It follows that we have
α˙(0) =
dA
dt
∣∣∣∣
t=0
= diag(a˙1(0), ..., a˙n(0)).
Because we have detA(t) = 1, we deduce that
0 =
d [detA]
dt
∣∣∣∣
t=0
= det [diag(a˙1(0), 1, ..., 1)]+
+det [diag(1, a˙2(0), 1, ..., 1)] + ... + det [diag(1, 1, ..., 1, a˙n(0))] =
= a˙1(0) + a˙1(0) + ...+ a˙n(0).
This means that the Lie algebra of D1n(R) is given by (8).
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Remark 5 A basis of the Lie algebra d1n(R) is given by (Ei)i=1,n−1 , where
Ei =

0 0 · · · · · · · · · · · · · · · 0 0
0 0 · · · · · · · · · · · · · · · 0 0
...
...
. . .
. . .
. . .
. . .
. . .
...
...
0 0
. . . 0
. . .
. . .
. . . 0 0
0 0
. . .
. . . 1
. . .
. . . 0 0
0 0
. . .
. . .
. . . 0
. . . 0 0
...
...
. . .
. . .
. . .
. . .
. . .
...
...
0 0 · · · · · · · · · · · · · · · 0 0
0 0 · · · · · · · · · · · · · · · 0 −1

.
Notice that in the matrix Ei the number 1 appears on the position (i, i). In other
words, we can briefly write
Ei = (δriδsi − δrnδsn)r,s=1,n , ∀ i = 1, n− 1.
Consequently, it is easy to see now that all structure constants of the Lie
algebra d1n(R) are equal to zero.
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